A recently derived formula for complex conductivity of monolayer graphene is analyzed.
Introduction
The graphene membrane irradiated by the weak time-periodic electric field in the terahertz range was considered in [1] 
where F E is the Fermi energy,  is the external field frequency, the symbol     is determined as follows:
The method of the derivation of the formula (1) was based on the study of the timedependent density matrix. The exact solution of the von Neumann equation for density matrix was found within the linear approximation in an external field. The induced current was calculated and then the formula for quantum complex conductivity as a function of the external field frequency, Fermi energy and temperature was derived.
In [2] this formula was obtained with zero real part which corresponds to zero minimal conductivity. However, we see that the minimal conductivity is not equal to zero.
Using (1) , there were obtained in [1] also the formulae for capacitance C and inductance L and it was shown there that the graphene membrane was a kind of the resonant circuit near the Dirac point. Namely, the imaginary part of admittance in (1) 
where and are respectively the Fermi wave number and velocity. So it follows from (1) that near the Dirac point graphene membrane is a kind of parallel resonance circuit. The inductance L and capacitance C are described by formulae (4), (5) .
Note that in [3] the suggestion was made that electrons in graphene must exhibit a nonzero mass when collectively excited. Using this notion the inertial acceleration of the electron collective mass and phase delay of the resulting current were considered. On the basis of this model the so-called kinetic inductance representing the reluctance of the collective mass to acceleration was introduced, calculated and measured. The obtained expression for inductance coincides with the formula (4) for the unity width w
Analyzing the formula for inductivity we see that 1/2 Ln  that means that the less is the carrier density the more is the inductivity. Just such dependence was observed in the experiment [3] .
The formula for quantum capacitance based on the two-dimensional free electron gas model was suggested in [4] . Notice that in [5] the graphene membrane quantum capacitance was firstly measured. The expression for capacitance obtained in [4] coincides with (5) being applied to the unity square up to the numerical factor 8.  We see that the graphene membrane eigenfrequency (conductivity singularity) reads:
We see also from the formulae (4), (5) that for the found resonant frequency we have the usual
which means that near the Dirac point the graphene membrane is a resonant circuit with the eigenfrequency res  Notice that the conductivity singularity in the point res  is logarithmic instead of the pole-type we used to see in 3D. We think that it is the 2D-effect.
Note that the formulae for quantum inductance and capacitance from [3] [4] [5] actually were obtained on the basis of different models. So if we used these formulae from [3] [4] [5] to find the eigenfrequency according to Thompson's formula (7), we would have got the value where the conductivity (1) does not have singularity. It means that the formulae (4), (5) for the inductance and capacitance are consistent since they give a correct value of the resonance frequency calculated with a use of the Thomson formula, which corresponds to the singularity of the conductance.
Note also that if the condition
is not fulfilled (which we have for low carrier density), then the quantum capacitance would depend on frequency as follows (see [1] )
while does not depend on .
Quantum admittance of the graphene A. Kramers-Kronig dispersion relations.
We show that the found in [1] real and imaginary parts of complex conductivity obey the Kramers-Kronig (KK) dispersion relations:
In order to make the formula (1) to be consistent with (9) , one has to add the Drude peak to the real part of conductance:
where the Drude weight is determined as follows
The Kramers -Kronig relations are good tests for validity of the conductance formula and following from it resonance frequency, which is determined by the product LC. At the same time L and C are checked up to an arbitrary numerical factor. This problem will be considered in the next subsection.
B. Sum rule.
Now we will consider additional verification of these unchecked numerical factors using a formula sensitive to the integral characteristic of the conductance such as the famous Thomas-Reiche-Kuhn fsum rule valid for three-dimensional metals [6]   This sum rule is not directly applicable to two dimensional zero-gap systems like graphene [7, 8] . Known relevant formulae derived in [7, 8]   takes account of the spin and valley degeneracy. Substituting (15) and (1) into (14) we see that the equation (13) turns into identity if we admit the cyclotron mass as an effective one and take the principal value of the integral in the left side of formula (14) excluding a contribution of the Drude peak. So the formula for conductance is shown to satisfy the twodimensional sum rule. The fact that the sum rule is satisfied means the validity of formulae (1, 4, 5) .
And vice versa, if we were sure of the conductance formula validity, this fact could verify our sum rule formula.
C. Electrons Zitterbewegung in graphene.
We find a deep relation between the graphene complex optical conductivity peculiarities and However, graphene with its Dirac states near the K and K' critical points is an ideal test area to simulate many of the quantum electrodynamics phenomena. In particular, ZB was shown in [10] to exist in graphene with the trembling frequency realistic to be measured.
Also we see that the complex conductivity obtained in [1] has a resonance at the frequency, which coincides with the ZB one calculated in [10] for monolayer graphene.
On the other hand we show that the resonance frequency can be expressed through the 
Conclusions
We analyzed the formula for the graphene complex electroconductance derived in [1] . We have shown that the real and imaginary parts in this formula obey the Kramers-Kronig (KK) dispersion relations, which is a good test for validity of this formula for complex conductivity of monolayer graphene. We have considered also additional test for this formula, sensitive to the integral characteristic of the conductance such as the famous f-sum rule. We have written it in the twodimensional form and have demonstrated that it would be fulfilled identically if we admit the cyclotron mass as an effective one and take the principal value of the integral.
We have found a deep relation between the graphene complex optical conductivity singularities and electrons Zitterbewegung (ZB) in graphene with the frequency . Namely, as it was shown in [1] the frequency dependence of the admittance near the Dirac point is similar to one for the parallel resonance circuit. This result allowed in [1] to calculate corresponding capacitance and inductance for graphene. The eigenfrequency of the circuit obtained in [1] appeared to be equal to the Zitterbewegung frequency i.e. the value of ZB frequency is related with the found in [1] magnitudes of the inductance L and capacitance C by Thomson's formula.
So we see that it is just ZB which determines conductivity dynamics in the vicinity of the Dirac point. So we can say that the main sense of the formula for complex conductivity in the vicinity of the Dirac point derived in [1] is ZB. The suggested sum rule allows us to verify the formula for conductance (1) .
